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Abstract

For a graph Ω with vertex set V (Ω) and edge set E(Ω), its harmonic index is defined as
H(Ω) =

∑︂
uv∈E(Ω)

2

du + dv
, where du and dv denote the degrees of vertices u and v, respectively.

The harmonic index captures various structural characteristics of a graph, such as connectivity
and the uniformity of its vertex degree distribution, and finds application inmany fields, includ-
ing molecular structure analysis, network layout optimization, and information dissemination
analysis. In this paper, we first determine the extremal values of the harmonic index for chemi-
cal graphs, and chemical trees. Moreover, using some relevant operations, we fully characterize
the trees with branch vertices that achieve the extremal values of the harmonic index.
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1 Introduction

A topological index of a graph functions serves as a numerical characterization of the graph’s
structure. It converts the structural features of a graph into specific numerical values, thereby
reflecting the graph’s topological properties. Such indices play significant roles in multiple dis-
ciplines, including chemistry (especially in the study of molecular structures) and network anal-
ysis. As noted in [1, 5], investigating the operations of graphs, topological indices of a power
graph for finite groups, and their Sombor polynomial enables a better understanding of the struc-
tural properties of molecules. For instance, these indices can distinguish between different graph
structures through numerical differences or indicate certain inherent properties of a graph, such
as connectivity and branching, via numerical magnitudes. This enables mathematical chemists
to explore the biochemical properties of molecules, deduce the chemical structures of molecular
graphs, and predict novel compounds. In 2021, Gutman [6] introduced the well-known Sombor
index and proposed a general definition of topological indices based on vertex degrees, expressed
as follows,

TI(Ω) =
∑︂

uv∈E(Ω)

F (du, dv) =
∑︂

1≤i≤j≤n−1

tijFij ,

whereF is a function satisfyingF (x, y) = F (y, x), dΩ(u) (simplywritten as du sometimes) denotes
the degree of vertex u, Ω is a simple graph with vertex set V (Ω) and edge set E(Ω), tij represents
the number of edges between vertices of degree i and vertices of degree j, and Fij = Fji is a

symmetric function on degrees i and j. When F (du, dv) =
2

du + dv

(︃
or equivalently Fij =

2

i+ j

)︃
,

the definition specializes to the harmonic index.

The harmonic index primarily quantifies topological characteristics of graphs, such as compar-
ing structural differences between distinct graphs or analyzing their variations during dynamic
processes (e.g., vertex/edge addition or deletion) to understand graph stability. First proposed in
Fajtlowics [3], this index has garnered substantial scholarly attention, with a wealth of in-depth
studies conducted around it. Specifically, Favaron et al. [4] delved into its intrinsic connections
with the eigenvalues of graphs. Zhong [14] not only pinpointed theminimum andmaximum har-
monic index values for simple connected graphs, trees, and unicyclic graphs, but also provided
clear characterizations of the extremal graphs that correspond to these boundary values in [15]. Li
and Liu established robust links between the harmonic index and the matching number of trees
in [10] and unicyclic graphs in [9]. For trees with a given order and total domination number,
an upper bound on the harmonic index was determined in [2], alongside a characterization of
corresponding extremal trees.

Jahangir et al. [7] identified the chemical trees with a specified number of maximum degree
vertices that optimize the harmonic index. Li [8] presented conditions involving the harmonic
index for some Hamiltonian properties of a graph, as well as an upper bound for the harmonic
index of a graph. Rad et al. [11] generalized a lower bound for the harmonic index of cactus
graphs in terms of order, the number of leaves, the number of cycles, and characterized all cac-
tus graphs achieving equality for this bound. Saleh and Alsulami [12] introduced a new variant
of the Randić index that incorporates intermolecular forces between bonded atoms, termed the
entire Harmonic index, and proposed the entire harmonic polynomial of a graph. Sun et al. [13]
established the condition under which a conjecture relating the harmonic index and theminimum
degree of graphs holds, and constructed a counterexample to demonstrate the conjecture’s failure
under another condition.
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This paper is organized as follows. In section 2, we completely characterize the chemical graphs
and chemical trees with extremal harmonic index. In section 3, by introducing several graph oper-
ations, we determine the extremal trees with branching vertices for the harmonic index. In section
4, we propose a question that can be studied in the future.

2 Harmonic Index of Chemical Graphs and Chemical Trees

A graph Ω is referred to as a chemical graph if its maximum degree ∆ satisfies ∆ ≤ 4 and it
contains no isolated vertices. Let Γn represent the set of chemical graphs with n vertices, and Fn

denote the set of chemical trees with n vertices. For convenience, we define

A = {(k, l) : 1 ≤ k ≤ l ≤ 4},

A1 = A \ {(4, 4)}, A2 = A \ {(1, 1)}, A3 = A \ {(1, 1), (1, 4), (4, 4)},

B1 = {T ∈ Fn : n2 = n3 = 0}, B2 = {T ∈ Fn : n2 = 1, n3 = 0}, B3 = {T ∈ Fn : n2 = 0, n3 = 1}.

Four chemical trees in B1,B2 and B3 are depicted in Figures 1 and 2.

Theorem 2.1. For any connected graph Ω ∈ Γn, H(Ω) ≤ n

2
. In particular, when graph Ω is regular,

H(Ω) =
n

2
.

Proof. If (k, l) ∈ A1, then
2

k + l
≤ k + l

2kl
. Hence, we get

H(Ω) =
∑︂

(k,l)∈A

2tkl
k + l

=
t44
4

+
∑︂

(k,l)∈A1

2tkl
k + l

=
1

4

⎛⎝2n− 2
∑︂

(k,l)∈A1

k + l

kl
tkl

⎞⎠+
∑︂

(k,l)∈A1

2tkl
k + l

=
n

2
+

∑︂
(k,l)∈A1

tkl

(︃
2

k + l
− k + l

2kl

)︃
≤ n

2
.

When the degree of each vertex in Ω is 2 or 3 or 4, a direct calculation shows that H(Ω) =
n

2
.

Theorem 2.2. If n is an even number and Ω ∈ Γn, then H(Ω) ≤ H
(︂n
2
P2

)︂
=

n

2
.

Proof. For any (k, l) ∈ A2,
2

k + l
− k + l

2kl
≤ 0. Then, we have

H(Ω) =
∑︂

(k,l)∈A

2tkl
k + l

= t11 +
∑︂

(k,l)∈A2

2tkl
k + l

=
n

2
− 1

2

∑︂
(k,l)∈A2

k + l

kl
tkl +

∑︂
(k,l)∈A2

2tkl
k + l

=
n

2
+

∑︂
(k,l)∈A2

tkl

(︃
2

k + l
− k + l

2kl

)︃
≤ n

2
.

If for any (k, l) ∈ A2, tij = 0, that is Ω ∼=
n

2
P2, then H(Ω) =

n

2
always holds.

Lemma 2.1. [14] If T is a tree of order n, then H(T ) ≤ H(Pn) =
4

3
+

n− 3

2
.
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Obviously, Pn is a chemical tree. Thus, Lemma 2.1 determines the maximum harmonic index
of chemical trees. Now, if we denote ni as the number of vertices of degree i, n as the order of
graph Ω, then the following equations can be easily obtained,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

n1 + n2 + n3 + n4 + · · ·+ nn−1 = n,

2t11 + t12 + t13 + · · ·+ t1,n−1 = n1,

t12 + 2t22 + t23 + · · ·+ t2,n−1 = 2n2,

t13 + t23 + 2t33 + · · ·+ t3,n−1 = 3n3,
...

t1,n−1 + t2,n−1 + · · ·+ 2tn−1,n−1 = (n− 1)nn−1.

It is deduced that n =
∑︂

1≤i≤j≤n−1

i+ j

ij
tij . Moreover, if T ∈ Fn, then t11(T ) = 0 and

5

4
t14 +

1

2
t44 +

∑︂
(k,l)∈A3

k + l

kl
tkl = n, t14 + t44 +

∑︂
(k,l)∈A3

tkl = n− 1.

Therefore,

t14 =
2n+ 2

3
− 1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 2

)︃
tkl, t44 =

n− 5

3
+

1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 5

)︃
tkl.

Figure 1: A chemical tree in B1 and a chemical tree of order 22 in B3.

Theorem 2.3. If T ∈ Fn, then H(T ) ≥ 4n+ 4

15
+

n− 5

12
. Moreover, when T ∈ B1,

H(T ) =
4n+ 4

15
+

n− 5

12
.

Proof. If (k, l) ∈ A3, then
2

k + l
− k + l

5kl
− 3

20
≥ 0. Hence, we have

H(T ) =
∑︂

(k.l)∈A

2tkl
k + l

=
∑︂

(k,l)∈A3

2tkl
k + l

+
2t14
5

+
t44
4

=
∑︂

(k,l)∈A3

2tkl
k + l

+
2

5

⎡⎣2n+ 2

3
− 1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 2

)︃
tkl

⎤⎦
+

1

4

⎡⎣n− 5

3
+

1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 5

)︃
tkl

⎤⎦
=

4n+ 4

15
+

n− 5

12
+

∑︂
(k,l)∈A3

tkl

(︃
2

k + l
− k + l

5kl
− 3

20

)︃
≥ 4n+ 4

15
+

n− 5

12
.
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The equality in the above formula holds if and only if for all (k, l) ∈ A3, tkl = 0. Consequently
n2 = n3 = 0, that is T ∈ B1.

Corollary 2.1. Let n > 4 and n = 3s+2, s ≥ 1. If T has minimum harmonic index in Fn, then T ∈ B1.

Proof. If chemical tree T ∈ B1, the harmonic index of T is a constant, specifically,

H(T ) =
4n+ 4

15
+

n− 5

12
.

Figure 2: Two chemical trees of order 18 in B2.

Corollary 2.2. Let n ≥ 9 and n = 3s, s ≥ 3. If T has minimum harmonic index in Fn, then T ∈ B2 and
t12 = 0.

Proof. If T ∈ B1 ∪ B3, then according to the Hand-shaking theorem, we have

2(n− 1) = n1 + 4n4 or 2(n− 1) = n1 + 3n3 + 4n4.

This contradicts the assumption that n = 3s, s ≥ 1. So T /∈ B1∪B3. Let h(k, l) =
2

k + l
− k + l

5kl
− 3

20
.

Clearly, h(1, 3) > 0, h(3, 3) > 0, h(3, 4) > 0, h(1, 2) > h(2, 3) > h(2, 4) > 0, h(2, 2) > 2h(2, 4).
Therefore, from the definition of the harmonic index,

H(T ) =
∑︂

(k,l)∈A

2tkl
k + l

=
2t14
5

+
t44
4

+
∑︂

(k,l)∈A3

2tkl
k + l

=
∑︂

(k,l)∈A3

2tkl
k + l

+
2

5

⎡⎣2n+ 2

3
− 1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 2

)︃
tkl

⎤⎦
+

1

4

⎡⎣n− 5

3
+

1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 5

)︃
tkl

⎤⎦
=

4n+ 4

15
+

n− 5

12
+

∑︂
(k,l)∈A3

tkl

(︃
2

k + l
− k + l

5kl
− 3

20

)︃
≥ 4n+ 4

15
+

n− 5

12
+ t12h(1, 2) + t22h(2, 2) + t23h(2, 3) + t24h(2, 4)

>
4n+ 4

15
+

n− 5

12
+ (t12 + 2t22 + t23 + t24)h(2, 4) =

4n+ 4

15
+

n− 5

12
+ 2n2h(2, 4).

If n2 = 0, thenH(T ) >
4n+ 4

15
+

n− 5

12
. Moreover, ifH(T ) =

4n+ 4

15
+

n− 5

12
, then T ∈ B1 ∪B3, a

contradiction. So, n2 ≥ 1. Since h(2, 4) > 0, we have

H(T ) ≥ 4n+ 4

15
+

n− 5

12
+ 2n2h(2, 4) ≥

4n+ 4

15
+

n− 5

12
+ 2h(2, 4).
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The equality in the above formula holds if and only if,

t24 = 2, t12 = t22 = t13 = t23 = t33 = t34 = 0.

Furthermore, the harmonic index attains the minimum values if and only if n2 = 1, n3 = 0. So, if
n = 3s and s ≥ 3, when T ∈ B2 and t12 = 0, the harmonic index attains the minimum value.

Corollary 2.3. Let n ≥ 13 and n = 3s+1, s ≥ 4. If T has minimum harmonic index in Fn, then T ∈ B3

and t13 = 0.

Proof. If T ∈ B1 ∪ B2, then by the Hand-shaking theorem, we have

2(n− 1) = n1 + 4n4 or 2(n− 1) = n1 + 2n2 + 4n4.

This contradicts the condition that n = 3s+ 1, s ≥ 4. So T /∈ B1 ∪ B2. Consider the function,

h(k, l) =
2

k + l
− k + l

5kl
− 3

20
.

Clearly, h(1, 3) > 0, h(3, 3) > 0, h(2, 2) > 0, h(2, 4) > 0, h(1, 2) > h(2, 3) > h(3, 4) > 0, h(3, 3) >
2h(3, 4). Thus, from the definition of harmonic index,

H(T ) =
2t14
5

+
t44
4

+
∑︂

(k,l)∈A3

2tkl
k + l

=
∑︂

(k,l)∈A3

2tkl
k + l

+
2

5

⎡⎣2n+ 2

3
− 1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 2

)︃
tkl

⎤⎦
+

1

4

⎡⎣n− 5

3
+

1

3

∑︂
(k,l)∈A3

(︃
4
k + l

kl
− 5

)︃
tkl

⎤⎦
=

4n+ 4

15
+

n− 5

12
+

∑︂
(k,l)∈A3

tkl

(︃
2

k + l
− k + l

5kl
− 3

20

)︃
≥ 4n+ 4

15
+

n− 5

12
+ t13h(1, 3) + t23h(2, 3) + t33h(3, 3) + t34h(3, 4)

>
4n+ 4

15
+

n− 5

12
+ (t13 + t23 + 2t33 + t34)h(3, 4) =

4n+ 4

15
+

n− 5

12
+ 3n3h(3, 4).

If n3 = 0, then H(T ) >
4n+ 4

15
+

n− 5

12
. Moreover, if H(T ) =

4n+ 4

15
+

n− 5

12
, then T ∈ B1 ∪ B2,

a contradiction. So, n3 ≥ 1. Since h(3, 4) > 0, we have

H(T ) ≥ 4n+ 4

15
+

n− 5

12
+ 3n3h(3, 4) ≥

4n+ 4

15
+

n− 5

12
+ 3h(3, 4).

The equality holds if and only if x34 = 3, t12 = t22 = t13 = t23 = t24 = t33 = 0. Therefore, the
harmonic index attains minimum value if and only if n2 = 0, n3 = 1. That is when n = 3s+1 and
s ≥ 4, if T ∈ B3 and t13 = 0, then T has minimum harmonic index.

3 The Harmonic Index of Trees with Branches

In this section, a sequence of graph operations are first put forward, with which the extremal
values of the harmonic index in trees possessing branching vertices are to be determined. Let
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Ψ(n, q) stand for the collection of trees that have n vertices and contain q branching vertices. De-
note R(t1, t2, . . . , tk) as star-like graph, which satisfies,

R(t1, t2, . . . , tk)− v = Pt1 ∪ Pt2 ∪ . . . ∪ Ptk , 1 ≤ t1 ≤ t2 ≤ · · · ≤ tk, k ≥ 3.

Let Sn,r represent the family of all star-like graphs that have n vertices and a maximum degree of
r where r ≥ 3. Let ri represent howmany paths have length i, while s stands for the length of the
longest path within tree T . Then,

s∑︂
i=1

ri = r,

s∑︂
i=1

iri = n− 1. (1)

Theorem 3.1. If T ∈ Sn,r, then TI(T ) = r1Xr+ rYr+(n−1)F22, whereXr = F1r+F22−F12−F2r,
Yr = F12 + F2r − 2F22.

Proof. If T ∈ Sn,r, then the degrees of the vertices in T are restricted to 1, 2, and r. According to
the definition of the star-like graph, we have

t1r = r1, t12 = t2r = r2 + · · ·+ rs, t22 = r3 + 2r4 + · · ·+ (s− 2)rs.

Thus, based on (1), we obtain

t1r = r1, t12 = t2r = r − r1, t22 = n− 1 + r1 − 2r.

From the general definition of the topological index, we know that,

TI(T ) = t12F12 + t1rF1r + t22F22 + t2rF2r

= (r − r1)F12 + r1F1r + (n− 1 + r1 − 2r)F22 + (r − r1)F2r

= r1 (F1r + F22 − F12 − F2r) + r (F12 + F2r − 2F22) + (n− 1)F22

= r1Xr + rYr + (n− 1)F22.

We complete the proof of this theorem.

Corollary 3.1. If T ∈ Sn,r and Xr ≥ 0, then TI(T ) reaches its maximum value precisely when

T ∼= R(

r−1⏟ ⏞⏞ ⏟
1, . . . , 1, n− r).

Proof. Arbitrarily take two trees T1 and T2 in Sn,r. According to Theorem 3.1, we have

TI(T1)− TI(T2) = (r1(T1)− r1(T2))Xr.

Therefore, TI(T ) achieves its maximum if and only if T contains the largest number of vertices

with degree 1, which means T ∼= R(

r−1⏟ ⏞⏞ ⏟
1, . . . , 1, n− r).

Lemma 3.1. Let xy be a non-pendant cut edge of graph Ω. Remove the edge xy, merge vertices x and y
into a single vertex x, and then add a new pendant edge xy connected to vertex x. Let the resulting graph
be denoted as Ω′ = Ω · (xy) + xy (see Figure 3), then H(Ω′) < H(Ω).
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Proof. Denote NΩ(x) = {y, x1, . . . , xp} and NΩ(y) = {x, y1, . . . , yq}. According to the definition of
harmonic index,

H(Ω)−H(Ω′) =
2

(p+ 1) + (q + 1)
+

p∑︂
i=1

2

p+ 1 + dΩ(xi)
+

q∑︂
j=1

2

q + 1 + dG(yj)

−

⎛⎝ 2

(p+ q + 1) + 1
+

p∑︂
i=1

2

p+ q + 1 + dΩ(xi)
+

q∑︂
j=1

2

p+ q + 1 + dΩ(yj)

⎞⎠ > 0.

We complete the proof of this lemma.

Ω Ω′

x y x

y

Figure 3: Graphs in Lemma 3.1.

The following conclusion can be directly derived from Corollary 3.1 and Lemma 3.1.

Theorem 3.2. If T ∈ Ψ(n, 1), then,

2− 2

n
≤ H(T ) ≤ 5

3
− 4

r + 1
+

2

r + 2
+

n− r

2
,

the left-hand side equality holds precisely when T ∼= Sn, while the right-hand side equality holds exactly

when T ∼= R(

r−1⏟ ⏞⏞ ⏟
1, . . . , 1, n− r).

The star graph of order k is literally denoted by Sk. Based on this, we denote DS(p, q) as the
double-star graph, which can be constructed by adding a new edge between the centers of two
star graphs Sp+1 and Sq+1, where p+ q + 2 = n.

Theorem 3.3. If T ∈ Ψ(n, 2), then H(T ) ≥ 2

n
+ 3 − 4

n− 2
, and the equality holds precisely when

T ∼= DS(n− 4, 2).

Proof. In accordance with Lemma 3.1, for any T ∈ Ψ(n, 2),

H(T ) ≥ H(DS(p, q)) =
2p

p+ 2
+

2q

q + 2
+

2

n
.

When
⌈︃
n− 2

2

⌉︃
≤ x ≤ n− 4, the function,

f(x) = 4− 4

x+ 2
− 4

n− x
+

2

n
,

is strictly decreasing. Thus, f(x)min = f(n− 4) =
2

n
+ 3− 4

n− 2
, and at this time,

T ∼= DS(n− 4, 2).
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Let P = uu1u2 . . . uk be a path in Ω such that du ≥ 3, duk
= 1 and dui

= 2 for 1 ≤ i < k. Then,
it is called a pendant path in Ω, u and k are called the origin and the length of P , respectively.

Lemma 3.2. Let T ∈ Ψ(n, 2), x be the branching vertex of T . If dx ≥ 4 and there are two pendant paths
P1 and P2 of length≥ 2 attached to the vertex x, then there exists T ′ ∈ Ψ(n, 2) satisfyingH(T ′) > H(T ).

Proof. Let xu ∈ E(P1), v be the pendant vertex of P2, and define T ′ = T − xu+ uv.

H(T ′)−H(T ) =
∑︂

y∈NT (x)\{u}

(︃
2

dT (x)− 1 + dT (y)
− 2

dT (x) + dT (y)

)︃
+

1

2
+

1

2
− 2

1 + 2
− 2

dT (x) + 2
> 0.

So, H(T ′) > H(T ).

Ω Ω′

x y x y

Figure 4: Graphs Ω and Ω′ in Lemma 3.3.

Let x and y be two pendant vertices in a path of length l ≥ 2. Specifically, attaching two paths
(each of length p ≥ 2 and q ≥ 2) onto x, and attaching two paths (each of length r ≥ 2 and s ≥ 2)
onto y respectively. The graph obtained through this construction will be denoted asQ(p, q; l; r, s)
in the subsequent context.

Lemma 3.3.

(1) Let Ω and Ω′ be the two graphs in Figure 4 respectively. If dΩ(x) ≥ 3, then H(Ω) < H(Ω′).

(2) Let T = Q(p, q; l; r, s) and T ′ = Q(p+ 1, q; l− 1; r, s) be two trees in Ψ(n, 2), with p ≥ 2, q ≥ 2,
r ≥ 2, s ≥ 2, and l ≥ 2. Then H(T ) ≤ H(T ′).

Proof.

(1) When t ≥ 3, function σ(t) =
2

t+ 2
− 2

t+ 1
is strictly increasing. According to the definition

of harmonic index,

H(Ω′)−H(Ω) =
2

dΩ(x) + 2
− 2

dΩ(x) + 1
−

(︃
2

4
− 2

3

)︃
> σ(3)− σ(2) > 0.

(2) When l ≥ 3, H(T ) = H(T ′). Now, assume l = 2. Through direct computation, we find that
H(T )−H(T ′) = σ(3)− σ(4) < 0.
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Theorem 3.4. For any tree T ∈ Ψ(n, 2) with n ≥ 10, the inequality H(T ) ≤ 23

5
+

1

2
(n − 10) holds.

Equality is achieved if and only if T ∼= Q(p, q; 1; r, s), where p ≥ 2, q ≥ 2, r ≥ 2, and s ≥ 2.

Proof. Since every edge of any tree is a cut edge, according to Lemma 3.1, Lemma 3.3 (1) and
n ≥ 10, if H(T ) attains the maximum harmonic index value in Ψ(n, 2), then except for the two
branches, there are no vertices of degree greater than 2 in T , and then leaves are not adjacent to
the branching vertices. If there are two pendant paths of length no less than 2 attached to the
branching vertex u in T , then by Lemma 3.2, there exists a tree T1 = Q(a, b; x; c, d) ∈ Ψ(n, 2) such
that H(T1) > H(T ). If x ≥ 2, then by Lemma 3.3, one can find a tree T ∈ Ψ(n, 2) satisfying,

H(T ) ≤ H(T ′).

Therefore, when the harmonic index attains the maximum value, T ∼= Q(p, q; 1; r, s) with p ≥ 2,
q ≥ 2, r ≥ 2, s ≥ 2, that is H(T ) ≤ 23

5
+

1

2
(n− 10).

By summarizing the consequences in Theorem3.3 andTheorem3.4, one can see that the graphs
DS(n − 2, 2) and Q(2, 2; 1; 2, n − 8) attain the extremal harmonic index in Ψ(n, 2), see these two
graphs in Figure 5.

⎧⎪⎪⎨⎪⎪⎩ 1

n − 9

n − 8

n − 4

Figure 5: Extremal trees with two branches.

Denote Q(p1, . . . , pa;k; q1, . . . , qb; l; r1, . . . , rc) as the tree with three branchs in Figure 6.

Ψ(n, 3) =
{︂
Q(p1, . . . , pa;k; q1, . . . , qb; l; r1, . . . , rc) : pi, qj , rt ≥ 1, 1 ≤ i ≤ a, 1 ≤ j ≤ b,

1 ≤ t ≤ c, a, b, c ≥ 2,
∑︂

pi +
∑︂

qj +
∑︂

rt + k + l + 1 = n
}︂
.

In the special case that p1 = . . . = pr = p, the three branched denoted by,

Q(p1, . . . , pa;k; q1, . . . , qb; l; r1, . . . , rc),

is re-expressed as Q(pa;k; q1, . . . , qb; l; r1, . . . , rc). A comparable simplification applies when q1 to
qb are equal, as well as when all r1 to rc are equal.
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1

1

1 1 1

1k l

q1 qb
p1

pa

r1

rc

Figure 6: Tree with three branches.

We can immediately obtain the following lemma by repeatedly applying Lemma 3.1.

Lemma 3.4. If H(T ) attains maximum value in Ψ(n, 3), then T ∼= Q(1r; 1; 1s; 1; 1t) for some r, s, t.

Lemma 3.5. Let T = Q(1a; 1; 1b; 1; 1c) and T ′ = Q(1a−1; 1; 1b; 1; 1c+1) are two trees in Ψ(n, 3). If
3 ≤ a < c+ 1, then H(T ) > H(T ′).

Proof. When x ≥ 3 and y > 0, the second derivation of the function f(x) =
2x

x+ 2
+

2

x+ y + 3
is

f ′′(x) = − 8

(x+ 2)3
+

4

(x+ y + 3)3
< 0. Thus, the function f ′(x) is strictly decreasing. Consider

the function g(x) = f(x)− f(x− 1) for x ≥ 3. Then,

g′(x) =
4

(x+ 2)2
− 2

(x+ y + 3)2
−

[︃
4

(x+ 1)2
− 2

(x+ y + 2)2

]︃
< 0.

So, when x ≥ 3, the function g(x) is strictly decreasing. Furthermore, when a < c + 1, we have
f(a)−f(a−1) = g(a) > g(c+1) = f(c+1)−f(c) > 0. According to the definition of the harmonic
index,

H(T )−H(T ′) =
2a

a+ 2
+

2c

c+ 2
+

2

a+ b+ 3
+

2

c+ b+ 3

−
[︃
2(a− 1)

a+ 1
+

2(c+ 1)

c+ 3
+

2

a+ b+ 2
+

2

c+ b+ 4

]︃
= f(a) + f(c)− f(a− 1)− f(c+ 1)

= f(a)− f(a− 1)− [f(c+ 1)− f(c)] > 0.

Therefore, H(T ) > H(T ′).

Lemma 3.6. Let T = Q(12; 1; 1b; 1; 1c), T ′ = Q(12; 1; 1b−1; 1; 1c+1), T ′′ = Q(12; 1; 1b+1; 1; 1c−1).
When 2 ≤ b ≤ c, H(T ) > H(T ′); when b > c ≥ 2, H(T ) > H(T ′′).

Proof. Now, we consider function f(x) =
2x

x+ 2
− 2(x− 1)

x+ 1
, where x ≥ 3. By derivation, we have

f ′(x) =
4

(x+ 2)2
− 4

(x+ 1)2
< 0. This indicates that when x ≥ 3, f(x) is strictly decreasing.
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(1) If 2 ≤ b ≤ c, then f(b) ≥ f(c). According to the definition of the harmonic index,

H(T )−H(T ′) =
2

b+ 5
+

2b

b+ 3
+

2c

c+ 2
− 2

b+ 4
− 2(b− 1)

b+ 2
− 2(c+ 1)

c+ 3

=
2

b+ 5
+

2b

b+ 3
− 2

b+ 4
− 2(b− 1)

b+ 2
− f(c+ 1)

≥ 2

b+ 5
+

2b

b+ 3
− 2

b+ 4
− 2(b− 1)

b+ 2
− f(b+ 1)

=
2

b+ 5
+

2b

b+ 3
− 2

b+ 4
− 2(b− 1)

b+ 2
+

2b

b+ 2
− 2(b+ 1)

b+ 3

=

(︃
2

b+ 5
− 2

b+ 4

)︃
−
(︃

2

b+ 3
− 2

b+ 2

)︃
> 0.

(2) When x ≥ 2, the functions,

f(x) =
2x

x+ 2
− 2(x− 1)

x+ 1
, and g(x) =

2

x+ 5
+

2

x+ 1
+ x

(︃
2

x+ 3
− 2

x+ 1

)︃
,

are strictly decreasing. Then, from the definition of the harmonic index and b ≥ c ≥ 2,

H(T )−H(T ′′) =
2

b+ 5
+

2b

b+ 3
+

2c

c+ 2
−
[︃

2

b+ 6
+

2(b+ 1)

b+ 4
+

2(c− 1)

c+ 1

]︃
=

2

b+ 5
+

2b

b+ 3
− 2

b+ 6
− 2(b+ 1)

b+ 4
+ f(c)

≥ 2

b+ 5
+

2b

b+ 3
− 2

b+ 6
− 2(b+ 1)

b+ 4
+ f(b)

=
2

b+ 5
+

2

b+ 1
+ b

(︃
2

b+ 3
− 2

b+ 1

)︃
−
[︃

2

b+ 6
+

2

b+ 2
+ (b+ 1)

(︃
2

b+ 4
− 2

b+ 2

)︃]︃
= g(b)− g(b+ 1) > 0.

Consequently, H(T ) > H(T ′′).

Theorem 3.5. If T ∈ Ψ(n, 3), then H(T ) ≥ 11

6
+

2(n− 6)

n− 4
+

2

n− 2
. The equality condition is satisfied

precisely when T ∼= S(12; 1; 1; 1; 1n−6).

Proof. We only need to compare the harmonic indices of B = Q(12; 1; 1n−7; 1; 12) and

C = Q(12; 1; 1; 1; 1n−6).

Since n ≥ 8, we have

H(C)−H(B) =
11

6
+

2(n− 6)

n− 4
+

2

n− 2
−
[︃
2 +

2(n− 7)

n− 4
+

4

n− 2

]︃
≤ 0.

Therefore, for any T ∈ Ψ(n, 3), H(T ) ≥ H(Q(12; 1; 1; 1; 1n−6)) =
11

6
+

2(n− 6)

n− 4
+

2

n− 2
.
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⎫⎪⎪⎬⎪⎪⎭

Q(12; 1; 1; 1; 1n−6) Q(22; 1; 2; 1; 2, n− 11)

n − 6
1

2

n − 11

Figure 7: Trees with Extremal values inΨ(n, 3).

The trees with extremal harmonic indices in Ψ(n, 3) are shown in Figure 7.

Lemma 3.7. Let Ωn,1 and Ωn,i are the two graphs in Figure 8, and dx ≥ 3 in graph Ωn,1.
When 2 ≤ i ≤

⌈︂n
2

⌉︂
, H(Ωn,1) > H(Ωn,i).

Proof. If 3 ≤ i ≤
⌈︂n
2

⌉︂
, then based on the definition of the harmonic index and dx ≥ 3, we have

H(Ωn,1)−H(Ωn,i) ≥
2

3
+

2

dx + 2
+

n− 3

2
−

(︃
4

3
+

2

dx + 3
+

2

dx + 3
+

n− 5

2

)︃
+

∑︂
u∈NH(x)

(︃
2

dx + du
− 2

dx + 1 + du

)︃
> 0.

If i = 2, then,

H(Ωn,1)−H(Ωn,i) =
2

dx + 2
+

2

3
+

n− 3

2
−

(︃
2

dx + 2
+

2

dx + 3
+

2

3
+

n− 4

2

)︃
+

∑︂
u∈NH(x)

(︃
2

dx + du
− 2

dx + 1 + du

)︃
> 0.

Therefore, if 2 ≤ i ≤
⌈︂n
2

⌉︂
, then H(Ωn,1) > H(Ωn,i).

Ωn,1 Ωn,i

H H

1

xx

2 3 n − 1 n 1 2 i − 1 i i + 1 n − 1 n

Figure 8: Graphs Ωn,1 and Ωn,i in Lemma 3.7.

Lemma 3.8. Suppose n ≥ 15. If T = Q(p, q;k; r; l; s, t) ∈ Ψ(n, 3) attains maximum harmonic index,
then all pendant paths have lengths exceeding 1.
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Proof. Assume that there is a pendant path of length 1 in T . Without loss of generality, let p = 1.
Then, by Lemma 3.3 (1), we have q ≤ 2, r ≤ 2, s ≤ 2, t ≤ 2. Therefore, k + l ≥ 5, which means
k > 2 or l > 2. Without loss of generality, assume k > 2, let D = Q(2, q;k− 1; r; l; s, t). Then,

H(T )−H(D) =
k− 1

2
+

4

5
−

(︃
2

3
+

k− 3

2
+

6

5

)︃
< 0.

This contradicts the fact that T ∈ Ψ(n, 3) has the maximum harmonic index.

According to Lemma 3.8, if T ∈ Ψ(n, 3) has the maximum harmonic index, then T must be in
the form of Q(p, q;k; r; l; s, t), where p ≥ 2, q ≥ 2, r ≥ 2, s ≥ 2, and t ≥ 2.

Lemma 3.9. If k+ l ≥ 3, for trees T = Q(p, q;k; r; l; s, t) and T ′ = Q(p, q;1; r;k+ l− 1; s, t), it holds
that H(T ) ≤ H(T ′).

Proof. By direct calculation, if k+ l = 3, then H(T ) = H(T ′). If k ≥ 2 and l ≥ 2, then,

H(T )−H(T ′) =
k+ l− 4

2
+

8

5
−
(︃
k+ l− 3

2
+

4

5
+

1

3

)︃
< 0.

Therefore, H(T ) ≤ H(T ′).

Theorem 3.6. Let n ≥ 15. For any T ∈ Ψ(n, 3), the harmonic index satisfied H(T ) ≤ n

2
− 1

2
. Equality

holds if and only if T ∼= Q(p, q;1; r;1; s, t), where

p ≥ 2, q ≥ 2, r ≥ 2, s ≥ 2, t ≥ 2 and p+ q + r + s+ t = n− 3.

Proof. For two trees T ′ = Q(p′, q′,1; r′, l; s′, t′) and T = Q(p, q;1; r;1; s, t), we have

t22(T
′) = n− 14, t23(T

′) = 7, t33(T
′) = 1, t12(T

′) = 5,

t22(T ) = n− 13, t23(T ) = 5, t33(T ) = 2, t12(T ) = 5.

Then,

H(T ′)−H(T ) =
10

3
+

n− 14

2
+

14

5
+

1

3
−

(︃
10

3
+

n− 13

2
+ 2 +

2

3

)︃
< 0.

Therefore, H(T ′) < H(T ).

4 Conclusions

In this paper, we determine the extremal values of the harmonic index for chemical graphs
and chemical trees with branches, and corresponding graphs with these extremal values are also
characterized. However, since the extremal graphs corresponding to the harmonic index with
respect to numerous graph parameters have not yet been characterized, we propose a research
question regarding the number of vertices n and the number of edgesm as follows.

Question: How to determine the extremal values of harmonic index for (n,m)−graphs?
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