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Abstract

For a graph Q with vertex set V() and edge set E(Q2), its harmonic index is defined as

H(Q) = Z ﬁ, where d,, and d, denote the degrees of vertices u and v, respectively.
weE(Q) ¢ v

The harmonic index captures various structural characteristics of a graph, such as connectivity
and the uniformity of its vertex degree distribution, and finds application in many fields, includ-
ing molecular structure analysis, network layout optimization, and information dissemination
analysis. In this paper, we first determine the extremal values of the harmonic index for chemi-
cal graphs, and chemical trees. Moreover, using some relevant operations, we fully characterize
the trees with branch vertices that achieve the extremal values of the harmonic index.
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1 Introduction

A topological index of a graph functions serves as a numerical characterization of the graph’s
structure. It converts the structural features of a graph into specific numerical values, thereby
reflecting the graph’s topological properties. Such indices play significant roles in multiple dis-
ciplines, including chemistry (especially in the study of molecular structures) and network anal-
ysis. As noted in [1, 5], investigating the operations of graphs, topological indices of a power
graph for finite groups, and their Sombor polynomial enables a better understanding of the struc-
tural properties of molecules. For instance, these indices can distinguish between different graph
structures through numerical differences or indicate certain inherent properties of a graph, such
as connectivity and branching, via numerical magnitudes. This enables mathematical chemists
to explore the biochemical properties of molecules, deduce the chemical structures of molecular
graphs, and predict novel compounds. In 2021, Gutman [6] introduced the well-known Sombor
index and proposed a general definition of topological indices based on vertex degrees, expressed
as follows,

TIQ) = Y F(dud)= Y  ti;Fy

uwweE(Q) 1<i<j<n-—1

where F'is a function satisfying F'(z,y) = F(y, z), do(u) (simply written as d,, sometimes) denotes
the degree of vertex u, () is a simple graph with vertex set V' (£2) and edge set £(f2), t;; represents
the number of edges between vertices of degree ¢ and vertices of degree j, and Fi; = Fj; is a

2 2
symmetric function on degrees i and j. When F'(d,,, d,,) = i+ d (or equivalently F; = H—]) ,

the definition specializes to the harmonic index.

The harmonic index primarily quantifies topological characteristics of graphs, such as compar-
ing structural differences between distinct graphs or analyzing their variations during dynamic
processes (e.g., vertex/edge addition or deletion) to understand graph stability. First proposed in
Fajtlowics 3], this index has garnered substantial scholarly attention, with a wealth of in-depth
studies conducted around it. Specifically, Favaron et al. [4] delved into its intrinsic connections
with the eigenvalues of graphs. Zhong [14] not only pinpointed the minimum and maximum har-
monic index values for simple connected graphs, trees, and unicyclic graphs, but also provided
clear characterizations of the extremal graphs that correspond to these boundary valuesin [15]. Li
and Liu established robust links between the harmonic index and the matching number of trees
in [10] and unicyclic graphs in [9]. For trees with a given order and total domination number,
an upper bound on the harmonic index was determined in [2], alongside a characterization of
corresponding extremal trees.

Jahangir et al. [7] identified the chemical trees with a specified number of maximum degree
vertices that optimize the harmonic index. Li [8] presented conditions involving the harmonic
index for some Hamiltonian properties of a graph, as well as an upper bound for the harmonic
index of a graph. Rad et al. [11] generalized a lower bound for the harmonic index of cactus
graphs in terms of order, the number of leaves, the number of cycles, and characterized all cac-
tus graphs achieving equality for this bound. Saleh and Alsulami [12] introduced a new variant
of the Randi¢ index that incorporates intermolecular forces between bonded atoms, termed the
entire Harmonic index, and proposed the entire harmonic polynomial of a graph. Sun et al. [13]
established the condition under which a conjecture relating the harmonic index and the minimum
degree of graphs holds, and constructed a counterexample to demonstrate the conjecture’s failure
under another condition.
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This paper is organized as follows. In section 2, we completely characterize the chemical graphs
and chemical trees with extremal harmonic index. In section 3, by introducing several graph oper-
ations, we determine the extremal trees with branching vertices for the harmonic index. In section
4, we propose a question that can be studied in the future.

2 Harmonic Index of Chemical Graphs and Chemical Trees

A graph Q) is referred to as a chemical graph if its maximum degree A satisfies A < 4 and it
contains no isolated vertices. Let I';, represent the set of chemical graphs with n vertices, and F,
denote the set of chemical trees with n vertices. For convenience, we define

A={(k1): 1<k<l1<4},

A= A\ {(4’4)}’ Az = A\ {(L 1)}v Az = -A\ {(17 1), (174)7 (474)}7
Blz{Tan:n2:n3:O}, B2={T€fn:n2:1,n3=0}, BgZ{TE}—n:nQ:O,n:\,ZI}.

Four chemical trees in By, B, and Bs are depicted in Figures 1 and 2.

Theorem 2.1. For any connected graph Q € T',,, H(Q?) < g In particular, when graph Q is regqular,

n
H(Q) = —.
@="1
2 k+1
Proof. If (k,1) € A;, then —— < —— + . Hence, we get
k+1 2kl
2t ta4 2t 1 k+1 2t
H(Q) = =—= =—(2m-2 ) —
(k,l)eA k1 4 (k,l)eAy k+1 4 (k,l)eAyr (k,l)eAq k+1
2 k+1 n
- < —.
+ 2 tkl(k+l QkZ)_Q

(k,l)e AL

When the degree of each vertex in Q is 2 or 3 or 4, a direct calculation shows that H () = g O

Theorem 2.2. If n is an even number and Q € T, then H(Q) < H (ng) = g
2 k+1
Proof. For any (k,l) € Ay, —— T T;crl < 0. Then, we have
2tkl 2tkl n 1 k +l 2tkl
H(Q) = =t - _Z
@= > “+2k+122Z D
(k,l)eA (k,l)eAs leA (k,l)eAs
n 2 k+1 n
== 2 2T < =
3T 2 t’“(mz 2kl>_2
(k,1)eAs
If for any (k,1) € A, t;; =0, thatis Q = %Pz, then H(Q) = % always holds. O
. 4 n-—3
Lemma 2.1. [14] If T is a tree of order n, then H(T) < H(P,) = 3 + 5
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Obviously, P, is a chemical tree. Thus, Lemma 2.1 determines the maximum harmonic index
of chemical trees. Now, if we denote n; as the number of vertices of degree i, n as the order of
graph (2, then the following equations can be easily obtained,

ny+ng+ng+ng+---+np_1=mn,
2t11 +ti2 +ti3 + -+t p—1 = N1,
t1g + 2tog +toz + -+ + 12 n_1 = 2ng,
t13 +t23 + 2633 + -+ + 3,1 = 3ng,

tin—1+ton1+-+2_1p_1=Mn—1)np_1.

It is deduced that n = Z Z—,F—,]tij. Moreover, if T' € F,,, then t11(T) = 0 and
1<i<jen—1 W
5 1 k+1
ZtM + §t44 + z Wtkl =n, t14 + 44 + Z o =n—1.
(k,l)eAs (k,l)eAs
Therefore,
2n+2 1 k41 n—5 1 k+1
t1a = — = 4—— — 2|t taga = — 4——0 — trr.
14 3 3 Z ( ] >kz, 44 3 +3 Z < ] 5)kl
(k,l)eAs (k,l)eAs
[ ]
p—--=e

H

Figure 1: A chemical tree in B; and a chemical tree of order 22 in B3.

dn+4 -5
Theorem 2.3. If T € F,, then H(T) > % + % Moreover, when T € By,
T — dn+4 n-— 5.

(T) 15+12

2 k41 3
Proof. If (k.1 then —— — — — — > 0. H h
roof. If (k,1) € A3, then el w20 2 0. Hence, we have

2t 2t 2t t
H(T): Z kl: Z kl+i+ﬁ

(k.D)eA kit (k€A kol g 4
thl 2 |12n+2 1 k+1
_ 2 . PR

2 rvitilTs s X ( i ) W
(heAs (hDeAs

1ln-s5 1 Iy

1 1 L
i3ty X ( i 5) i
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The equality in the above formula holds if and only if for all (k,1) € As, t; = 0. Consequently
n2:n3:0,thatisTeBl. O

Corollary 2.1. Let n > 4and n = 3s+2, s > 1. If T has minimum harmonic index in F,,, then T € B;.

Proof. If chemical tree T' € B;, the harmonic index of 7" is a constant, specifically,
B in+4 n n—>5
15 12 7

H(T)

Figure 2: Two chemical trees of order 18 in Ba.

Corollary 2.2. Let n > 9and n = 3s, s > 3. If T has minimum harmonic index in F,,, then T € By and
t10 = 0.

Proof. If T' € B, U Bs, then according to the Hand-shaking theorem, we have
2(n—1)=mn1+4ngy or 2(n—1)=mny+ 3ng +4ny.

2 k41
This contradicts the assumption thatn = 3s, s > 1. SoT' ¢ B1UBs. Let h(k,l) = P 5——];—230

Clearly, h(1,3) > 0, h(3,3) > 0, h(3,4) > 0, h(1,2) > h(2,3) > h(2,4) > 0, h(2,2) > 2h(2,4).
Therefore, from the definition of the harmonic index,

2t 2t14 tas 2t
HT)= Y —==—"/"+-""+
(FDea k41 5 4 (hDeds k41
2tkl 2 |12n+2 1 ]C+l
_ 2 = 4= 2y
el 5|3 3 2 ( kil >’”
(k,l)eAs (k,l)eAs
1|n—5 1 k41
- 2 4 _
1] 3 2 ( kil 5) bt
(k,l)eAs
n+4 n-—>5 2 k+1 3
= o | —=— X0 2
15 2 " 2. tu <k+l 5kl 20)
(k,l)eAs
In+4 -5
> S T t1ah(1,2) + £h(2,2) + 1sh(2,3) + tash(2,4)
dn+4 n-—->5 in+4 n-—5
_— t 2t tos + toa)h(2,4) = —— + 2n9h(2,4).
> 5 2 + (t12 + 2to + tas + toa)h(2,4) 5 + D + 2n2h(2,4)
4 4 -5 4 4 -5
If ng = 0, then H(T) > nt + i . Moreover, if H(T) = n1_5|_ + %,thenT €B1UB3, a

contradiction. So, ns > 1. Since h(2,4) > 0, we have

dn+4 n-—->5 in+4 n-—5
> >
215 + D + 2nsh(2,4) > R + B

H(T) +2h(2,4).
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The equality in the above formula holds if and only if,
toa =2, tig =ty =113 =13 =133 =134 = 0.

Furthermore, the harmonic index attains the minimum values if and only if ny = 1, n3 = 0. So, if
n=3sand s > 3, when T € By and t12 = 0, the harmonic index attains the minimum value. [

Corollary 2.3. Letn > 13andn = 3s+1, s > 4. If T has minimum harmonic index in F,, then T € Bs
and t13 = 0.

Proof. If T' € By U By, then by the Hand-shaking theorem, we have
2n—1)=n1+4ny or 2(n—1)=ny + 2ny + 4ny.
This contradicts the condition thatn = 3s+ 1, s > 4. So T' ¢ B; U Bs. Consider the function,
h(k,l):k%l_%_%.
Clearly, h(1,3) > 0,h(3,3) > 0,h(2,2) > 0,h(2,4) > 0,h(1,2) > h(2,3) > h(3,4) > 0,h(3,3) >
2h(3,4). Thus, from the definition of harmonic index,

%yt 2t
HT) ="+ + ) X

5 4 (k,l)€A3k+l
Ztkl 2 [2n+2 1 ( k+l )
= Z + - -5 Z 4—— =2 tp
(k,l)eAs k+1 5 3 3 (k,l)eAs ki
1|n-5 1 k+1
- z 4 _
tilTs > ( l 5) th
(k,l)eAs
4n—|—4 n—>5 2 k+1 3
RS TR DR (k+l_ 5kl _20)
(k,l)eAs
4 4 )
> n1-5|- +%+t13h(1,3)+t23h(2,3)+t33h(3,3)+t34h(3,4)
in+4 n-—>5 in+4 n-—>5
t 2t t34)h(3,4) = h(3,4).
5 + D +(t13+ 23 + 233 + 34) (3, ) 5 + 9 + 3ng (37 )
n+4 n-—5 n+4 n-—

5
+ ———,thenT € B UB,,

If ng =0, then H(T) > + . Moreover, if H(T') = T5 15

a contradiction. So, ng > 1. Since h(3,4) > 0, we have

in+4 n-5 in+4 n-—5>5

H(T) > 4
(1) 2 ==+ 5 T3msh(34) =2 ==+ 5
The equality holds if and only if x34 = 3, t12 = t22 = ti13 = to3 = taa = t33 = 0. Therefore, the
harmonic index attains minimum value if and only if ny = 0, ng = 1. That is whenn = 35+ 1 and
s >4,if T € Bz and t13 = 0, then T has minimum harmonic index. O

+3h(3,4).

3 The Harmonic Index of Trees with Branches

In this section, a sequence of graph operations are first put forward, with which the extremal
values of the harmonic index in trees possessing branching vertices are to be determined. Let
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¥(n, q) stand for the collection of trees that have n vertices and contain ¢ branching vertices. De-

note R(t1,ta,...,tx) as star-like graph, which satisfies,
R(tl,tg,...,tk)—vzptlUPtQU...UPtk, 1§t1§t2§~--§tk, kZ?)

Let S, represent the family of all star-like graphs that have n vertices and a maximum degree of
r where r > 3. Let r; represent how many paths have length i, while s stands for the length of the
longest path within tree T". Then,

iri:r, iiri:n—l. (1)
i=1 i=1

Theorem 3.1. If T € S, ., then TI(T) = 1 X, + 1Y, + (n— 1) Fag, where X, = F1, + Fao — F1o — Fy,,
Y, = Fio + Fy — 2F5.

Proof. If T € S, , then the degrees of the vertices in T are restricted to 1,2, and r. According to
the definition of the star-like graph, we have

tir =11, tiz=ty=rot-+r1s, taa=r3+2r4+-+(s—2)rs.
Thus, based on (1), we obtain
tir =71, tio=to=1r—7r1, too=n—147r —2r
From the general definition of the topological index, we know that,

TI(T) = ti2F12 + t1r- Fip + tao koo + top For
= (T’ — 7'1)F12 —+ rlFlr —+ (’Il -1 + r — 27')F22 —+ (7" — rl)FQT
=T (Flr —+ F22 — F12 — FQT) + T (F12 =+ FQT — 2F22) =+ (Tl — I)FQQ
=rX,+rY, + (n —1)Fs,.
We complete the proof of this theorem. O
Corollary 3.1. If T € S, and X, > 0, then TI(T) reaches its maximum value precisely when

r—1
—
T=R(,...,1,n—r).

Proof. Arbitrarily take two trees T} and 15 in S, . According to Theorem 3.1, we have

TI(Tl) - TI(TQ) = (Tl(Tl) - Tl(TQ))XT.

Therefore, TI(T) achieves its maximum if and only if 7' contains the largest number of vertices
r—1
—
with degree 1, which means T = R(1,...,1,n —r). O
Lemma 3.1. Let xy be a non-pendant cut edge of graph Q. Remove the edge xy, merge vertices x and y

into a single vertex x, and then add a new pendant edge xy connected to vertex x. Let the resulting graph
be denoted as QY = Q - (vy) + xy (see Figure 3), then H(QY') < H(Q).
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Proof. Denote Ng(z) = {y,x1,...,2p} and Nq(y) = {z,41, ..., yq}- According to the definition of
harmonic index,
p

q
2
H(Q) — "= g+ 1+ de(v:)
( ) ( ) (p+1) q—l—]_ z; 1+dQ xz z:: +1+dG(yJ)
p q
2
S s > 0.
(p+q+1 E;p—l—q—‘,—l—FdQ(I, 2:: +q+1+d9(yj)

We complete the proof of this lemma. =

Figure 3: Graphs in Lemma 3.1.

The following conclusion can be directly derived from Corollary 3.1 and Lemma 3.1.
Theorem 3.2. If T € U(n, 1), then,
2 ) 4 2 n—r
2-—-—<HT)<L - —
n - ( )_3 r+1+r+2+ 27
the left-hand side equality holds precisely when T' = S,,, while the right-hand side equality holds exactly

/—’H
when T =2 R(1,...,1,n—r).

The star graph of order  is literally denoted by Si. Based on this, we denote DS(p, q) as the
double-star graph, which can be constructed by adding a new edge between the centers of two
star graphs Sp4+1 and Sgy1, where p+ ¢+ 2 =n.

2
Theorem 3.3. If T € U(n,2), then H(T) > — + 3 —
n

T =~ DS(n —4,2).

%, and the equality holds precisely when
n—

Proof. In accordance with Lemma 3.1, for any T' € ¥(n, 2),

2p 2q 2
H(T)> H(DS(p,q)) = — + L+ =
(T) = H(DS(p,q)) P R, e

-2
When {n 3 -‘ < x < n — 4, the function,

4 4 2

flw)=4-

)

r+2 n—x n

2 4
is strictly decreasing. Thus, f(2)min = f(n —4) = — +3 — 5 and at this time,
n n

T>=DS(n—4,2).
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Let P = uujug ... ug be a path in Q such that d,, > 3, d,,, = land d,,, = 2 for 1 <i < k. Then,
it is called a pendant path in €2, v and k are called the origin and the length of P, respectively.

Lemma 3.2. Let T € ¥(n,2), © be the branching vertex of T. If d,, > 4 and there are two pendant paths
Py and P, of length > 2 attached to the vertex x, then there exists T' € W¥(n, 2) satisfying H(T") > H(T).

Proof. Let zu € E(Pi), v be the pendant vertex of P», and define 77 = T — zu + uv.

2 2
HT) -HT) = Y ( _ )
yENT(z)\{u} dr(z) —1+dr(y) dr(z)+dr(y)
iyl 22 oy
22 142 dp(x)+2°
So, H(T") > H(T). .
0 o

Figure 4: Graphs © and ©’ in Lemma 3.3.

Let « and y be two pendant vertices in a path of length 1 > 2. Specifically, attaching two paths
(each of length p > 2 and ¢ > 2) onto z, and attaching two paths (each of length r > 2 and s > 2)
onto y respectively. The graph obtained through this construction will be denoted as Q(p, ¢;L; , s)
in the subsequent context.

Lemma 3.3.

(1) Let Q and Q' be the two graphs in Figure 4 respectively. If do(x) > 3, then H(2) < H(Y).

(2) Let T = Q(p,q;L;rys) and T' = Q(p + 1, ¢;1 — 157, s) be two trees in W(n,2), withp > 2, q > 2,
r>2,s>2andl> 2. Then H(T) < H(T").

Proof.
2
(1) Whent > 3, function o(t) = s R | is strictly increasing. According to the definition
of harmonic index,
2 2 2 2
H(QY)-H(Q) = - -l -—= 3)—o(2 0.
@)= HO) =372 da@) +1 (4 3) >o(8) o) >
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2 1
Theorem 3.4. For any tree T € W(n,2) with n > 10, the inequality H(T) < ? + §(n — 10) holds.

Equality is achieved if and only if T = Q(p, q; 1;7, s), wherep > 2,q > 2,r > 2,and s > 2.

Proof. Since every edge of any tree is a cut edge, according to Lemma 3.1, Lemma 3.3 (1) and
n > 10, if H(T) attains the maximum harmonic index value in ¥(n,2), then except for the two
branches, there are no vertices of degree greater than 2 in 7', and then leaves are not adjacent to
the branching vertices. If there are two pendant paths of length no less than 2 attached to the
branching vertex u in T', then by Lemma 3.2, there exists a tree T1 = Q(a, b;x; ¢, d) € ¥(n,2) such
that H(T1) > H(T). If x > 2, then by Lemma 3.3, one can find a tree T € ¥(n, 2) satisfying,

H(T) < H(T").

Therefore, when the harmonic index attains the maximum value, T' = Q(p, ¢;1;r, s) with p > 2,

23 1
qZ2,r22,sZ2,thatisH(T)§E—i—i(n—lo). O

By summarizing the consequences in Theorem 3.3 and Theorem 3.4, one can see that the graphs
DS(n —2,2) and Q(2,2;1;2,n — 8) attain the extremal harmonic index in ¥(n, 2), see these two
graphs in Figure 5.

Figure 5: Extremal trees with two branches.

Denote Q(p1,...,pa; K5 q1, ..., q; 1,71, ..., 7c) as the tree with three branchs in Figure 6.
¥(n,3) = {Q(pl,.--,pa;k;ql,-.-,qb;l;m,...,rc) ping,re =1, 1<i<a, 1<j<b,
1<t<e¢, a,bc>2, Zpi—i—qu—&—Zrt—l—k—i—l—i—l:n}.
In the special case that p; = ... = p, = p, the three branched denoted by,

Qp1, - paskqr, s iy, . 1),

is re-expressed as Q(p*; K; g1, - .-, q»; 1,71, ..., 7¢). A comparable simplification applies when ¢; to
g» are equal, as well as when all r; to . are equal.

716



C.Xuand G. Li Malaysian J. Math. Sci. 20(2): 707-722(2026) 707 - 722

q1 b

Figure 6: Tree with three branches.

We can immediately obtain the following lemma by repeatedly applying Lemma 3.1.
Lemma 3.4. If H(T) attains maximum value in ¥(n, 3), then T = Q(1";1;1%;1;1") for some r, s, t.
Lemma 3.5. Let T = Q(1%1;1%1;1¢) and T' = Q(197%;1;1%1;1°FL) are two trees in ¥ (n,3). If
3<a<c+1,then HT) > H(T").

2z " 2 .
is
r+2 x+y+3
< 0. Thus, the function f’(z) is strictly decreasing. Consider

Proof. When x > 3 and y > 0, the second derivation of the function f(z) =

f'(x) = = LA !
VT T @r23 T @ty )
the function g(x) = f(z) — f(x — 1) for x > 3. Then,

4 2 4 2
(x+2)?2 (z+y+3)?2 [(z+1)?2 (z+y+2)?

g'(x) =

So, when z > 3, the function g(x) is strictly decreasing. Furthermore, when a < ¢ + 1, we have
fla)—fla=1) =g(a) > gle+1) = f(ec+1)— f(c) > 0. According to the definition of the harmonic
index,
2a n 2c n 2 n 2
a+2 c¢c+2 a+b+3 c+b+3
2a—1)  2(c+1) 2,2
a+1 c+3 a+b+2 c+b+4
fla)+ fle) = fla=1) = flc+1)
fla) = fla=1) = [fle+1) = f(c)] > 0.

Therefore, H(T) > H(T"). O

H(T) — H(T') =

)
)

Lemma 3.6. Let T = Q(1%;1;1%1;1°), T/ = Q(1%,1;1°" 1 1;1¢H1), T = Q(1%;1; 10+ 15171,
When2 <b<e¢ H(T) > H(T'); whenb > ¢ > 2, H(T) > H(T").

2 2(x —1
Proof. Now, we consider function f(z) = —fZ — (l+ T ), where z > 3. By derivation, we have
T T
4 4
f(x) = < 0. This indicates that when = > 3, f(z) is strictly decreasing.

@27 (o+12
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(1) If 2 < b < ¢, then f(b) > f(c). According to the definition of the harmonic index,

9 % 92 2 2b—1) 2ct+1)
H(T) — H(T') = _ _ _
(M) -H(T) =ty 3t ci2 brd - bi2 i3
9 % 2 2b-1)
= - - _ 1
515 b33 bid b2 JletD
9 % 2 20b-1)
_ _ —fb+1
3 5 b3 b4 bia 10D
2 2 2 2b-1) 26  2b+1)

“ b5 ba3 b4 b+2 br2 ba3
(2 2y (2 2y
T \b+5 b+4 b+3 b+2 ’

(2) When z > 2, the functions,

2 2z —1) 2 2 2 2
- _ d _ 22
/(@) T+ 2 cr1 9(x) x+5+x—|—1+m<x—|—3 x—!—l)’

are strictly decreasing. Then, from the definition of the harmonic index and b > ¢ > 2,

2 2 2c 2 20b4+1)  2(c—1)
H(T) — H(T") = -
O -HT) =5+ 55 T otz [b+6 brd T et1
2 2b 2 2(b+1)
_b+5+b+3 b+6 b+4 + /()
2 2b 2 2(b+1)

_ _ b
355 i3 by bra TIO

2 N 2 b 2 2
T b+5 b+1 b+3 b+1

b+6 b+2 b+4 b+2

=gb)—gb+1)>0.

Consequently, H(T') > H(T").

O

11 2(n - 2
Theorem 3.5. If T' € ¥(n,3), then H(T) > 5 + (n—6) + 5 The equality condition is satisfied

n—4 n—
precisely when T = S(12;1;1;1;1"~6).

Proof. We only need to compare the harmonic indices of B = Q(1%;1;1"7;1;12) and
C=Q(1%1;1;1;1°%).

Since n > 8, we have
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Q(1%1;1;1;175) Q(2%1;2;1;2,n — 11)

Figure 7: Trees with Extremal values in ¥ (n, 3).

The trees with extremal harmonic indices in ¥(n, 3) are shown in Figure 7.

Lemma 3.7. Let Q,, 1 and §,, ; are the two graphs in Figure 8, and d,, > 3 in graph Qy, ;.
When 2 < i < @ H(Qn1) > H(Qns).

Proof. If 3 <13 < [%—‘ , then based on the definition of the harmonic index and d, > 3, we have

2 2 n—3 4 2 2 n—>5
H(Qu1) — H Qi) > 24— 4223 (2
(o) = H( i) 2 5+ =5 + =5 (3+dm+3+dz+3+ 2 )

9 9
i (dx+du_dx+1+du> > 0.

uENg (x)

If i = 2, then,

2 2 n-—3 2 2 2, n-4
H(Q, —H(Qn ) = Y - 3
(1) (Q2,1) dr+2+3+ B) (dz+2+dz+3+3+ 2 )

2 2
- 0.
p> (dadeu dx+1+du)>

wEN (z)
Therefore, if 2 < i < [21’ then H(2,1) > H(Q,, ;). O
1 2 3 n—1 n 1 2 1—1 i i+1n—-—1 n
Qn,l an

Figure 8: Graphs 2,1 and €2,, ; in Lemma 3.7.

Lemma 3.8. Suppose n > 15. If T = Q(p, ¢;k;7;1; s,t) € ¥(n,3) attains maximum harmonic index,
then all pendant paths have lengths exceeding 1.
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Proof. Assume that there is a pendant path of length 1 in 7. Without loss of generality, let p = 1.
Then, by Lemma 3.3 (1), we have ¢ < 2, r < 2, s < 2,¢ < 2. Therefore, k +1 > 5, which means
k > 2 or1 > 2. Without loss of generality, assume k > 2,1let D = Q(2,¢;k — 1;7;1; 5, ¢). Then,

k-1 4 2 k-3 6
HT) -HD)=——+-— 24+ —242 .
(T) (D) 5t ( s3T5t 5> <0
This contradicts the fact that 7' € ¥(n, 3) has the maximum harmonic index. O

According to Lemma 3.8, if T' € ¥(n, 3) has the maximum harmonic index, then 7" must be in
the form of Q(p, ¢; k;7;1;5,t), wherep > 2,¢>2,r > 2,5 > 2,and ¢t > 2.

Lemma 3.9. Ifk +1> 3, for trees T = Q(p, ¢; k; ;15 5,t) and T = Q(p, q; 1; 5k + 1 — 15 5, t), it holds
that H(T) < H(T’).

Proof. By direct calculation, if k +1 = 3, then H(T') = H(T"). If k > 2 and 1 > 2, then,

H(T)fH(T’):$+§f <k+21_3+§+;> <0.
Therefore, H(T) < H(T"). O
Theorem 3.6. Let n > 15. For any T' € U(n, 3), the harmonic index satisfied H(T') < g - % Equality
holds if and only if T = Q(p, ¢; 1;r; 1; s, t), where
p>2 q>2, r>2 s>2 t>2 and p+q+r+s+t=n-—3.
Proof. For two trees T" = Q(p', ¢',1;7',1;s',t') and T = Q(p, ¢; 1;r; 1; s,t), we have
toa(T") =n — 14, tas(T") =17, t33(T) =1, t12(T") =5,
tas(T) = n — 13, to5(T) =5, t33(T) = 2, t12(T) = 5.
Then,
H(T’)—H(T):l—;+”_214+%+%— <1;+"_213 +2+§> <0.
Therefore, H(T') < H(T). O

4 Conclusions

In this paper, we determine the extremal values of the harmonic index for chemical graphs
and chemical trees with branches, and corresponding graphs with these extremal values are also
characterized. However, since the extremal graphs corresponding to the harmonic index with
respect to numerous graph parameters have not yet been characterized, we propose a research
question regarding the number of vertices n and the number of edges m as follows.

Question: How to determine the extremal values of harmonic index for (n, m)—graphs?
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